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This module describes a method 
for finding a particular ^solution to- 
a large class of ordinary linear 
differential^ equations with constant-" 
coefficients, which involves complex ^ 
arithmetic. Furthermore belying' its 
name '" complex method, " it iTs relatively" 
•simple to use. The- ability to evaluate 
and differentiate polynomials, *and to 
manipulate, complex numbers algebraical- 
ly, is basically all that is required. 
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1 ■ ^INTRODUCTION 

♦ 

This module considers ordinary linear differential 
equations with constant coefficients such as * * 

y" +.y = 10e 2t , 

y ». _ 7y" A+ i6y' - I2y = 5e 3t , 
y ni - y n = 3e t + sin t. 

The standard procedure for finding the general solution to 
such equations involves two main steps* 

a. * First find the general solution to the -associated* o 

homogeneous equation; trie resulting solution is called 

* the homogeneous or complementary Nsftl'ut ion to the 
original differential equation-. For eguations with 
constant c^oef f iciehts , the roots of the associated a 
characteristic polynomial may be used to find linearly 
independent solutions involving polynomial functions, 

•exponential functions and/or sine and cosine functions. 

b. The second- step is to find a particular Solution; to 'the 

* given equation. The methods of variation of parameters 
'and undetermined coefficients are most commonly used. . 
While the former* method is more generally applicable, 
the indefinite integration f^rv-bl yjed may pr esent sever e 
6r- unconquerable difficulties. While the latter method 
applies to a smaller class of equations, it* is*"some^hat 
more tractable because it; involves differentiating 
elementary functions and solving systems of linear, 

'•'algebraic equations. 

IU Purpose o f this Module 

This module describes a third method for finding a 
particular solution, .which in general, involves complex, 
arithmetic/ Although the class of equations to whicti thi/;* 
method applies is smaller, it nonetheless contains 
functions that^ appear quite frequently.' Furthermore, 
belying its name "complex method" , it is relatively simple 
to us^e. The ability to /evaluate and differentiate 
polynomials, and to manipulate 'complex numbers 
algebraically, is basically all that is required. ^ The 
method is described in Sections 2, 3, and 4, < The basic 
method used in all three sections is,. the same, although 
'complex numbers" appear only in Sections 3*~ and 4. 

.The key idea* of the method as it appears in 'Section 3, 
namely, the solution technique which employs the 
substitution bf 4 a complex exponential function for a 
8j,nosoidal function, is presented in Ordinary Differential 



Equations , by Garrett Birkhoff and. Qian-Car lb Rota, third I 
edition, Wiley^, 1978; on pp. %0-73. It is alsp illustrated^ 
in Advanced Engineering Mathematics , by Erwin Kreyszi^, 
fourth edition, Wiley, 1979, on pp. 125-128. 

I wqjild like to express my appreciation to Professors 
Maurice D. Weir and G.R. Blakley for thefr detailed, 
extensive and helpful comments and especially to Professdr 
Carroll 0.. Wilde foj: his encouragement and meticulous 
consideration in improving this manuscript. t t \ 

1 .2 Terminology • * & 

An ordinary linear differential equation of order n a 
with constant coefficients has the general form: 

AD P(D)y '= (a^D n + a^D 11 " 1 +^....+ a 2 D 2 + ^b'X a Q \y* = fit), 

wher'e each a. is a real constant, ahd a £ 0. -The 
function f (t) is called the nonhomogeneous part of th£ 
differential equation. The auxiliary or characteristic 
polynomial associated with Eq. (1) is:. - „ ^ 

{2) pU) = a n X n + a n-1 A n-1 + . . + a 2 a 2 + a^, + a Q . / 

The zeros of,p(A) are called the eigenvalues ' or * 
charact eristic roots of the given differential equation. 

The general solution to the associated homogeneous 
differential equation, p(D)y = 0.; is, called the 
complementary or homogeneous' solution of Eq. (1), althoubh, 
strictly speaking* 'it is -not a solution of Eq. (1) at all.' 
Any specific solution of Eql (1) is called a particular 
solution. 

% I* THE COMPLEX METHOD 

1^1 Discussion of the -Method 

The nonhomogeheous part of the first differential 
equation listed, in the ^introduction, 

; y" + y' = 10e 2t , * ' - 

' • * • 2 1 * *■ 

Xs^f{t) = lOe . This observation suggests a multiple of 

e as a solution si^ce derivatives of this * exponential 

function are also such multiples, so. try y = Ae- . For 

this trial solution . * , 



and so 



f n i 2 2 Ae 2t , 



Y" + /- 2 2 Ae 2t »■ Ae 2t = (2 2 +lf Ae 2t = 5Ae 2t . 



Thus, we'need A = 2, because y" + y =)5.* 2e 2t = 10e 2t , as 
* desired. , » ^ v ' ■ 

Although this -procedure yields the, correct ,resulb> it 
does >not 'explicitly^ reveal a relationship- between* the final 
coefficient 2 ^and the original poeff^ci^Qt 18. Howey'er, by 
trying t*he 3 ene * a l" expression } ' „ 

.♦at * * 

; ' • y * Ae - ' 

as a .candidate for a particular- solution, s different light 
is ^hed on* tfye pco&Lem. : In this cafce, ' - 

and so * 

% y - + y'L. a 2 Ae at + Ae at l.= ' (o?+l) Ae at . 

Note that a' + 1 - p(a) ,. where p(X) fs the characteristic 
polynomial for the given differential equation^ so "t^e last 
equation becomes ^ - 

'y" + y 7 p(a) Ae . • ^ 

Comparing this equation w-ith the original equation, which 
has the form » • " . 

at 

y" ^ y = Ke , 
wherl^K -10, and a ■= 2, we see jthat 
■ - / p(a) A = K \ ^ 

Thus, the particular solution 'has the form 

y .-U_' Ke "t ' 
y p(a) Ke • 



2-2 



JTfreoretical Statement Tift the Method 



This illustration leads to the' first theorem, w.hich- 
generalizes the solution given above. Note however, that 
p(a) cannot be 0. ' 
Theorem 1 ; Let 

&t>yy = Ke at • • . 

be a linear differential equation with constant 
coefficients. Let p(x) be its characteristic polynomial. 
If P(«7 J* 0, theft the function . 



is a particular solution to the giv»en equation. 
Proof : ' To ve£ify .the proposed function 

y = -f^r Ke at , 

1 p(a) - 



>x first note that its first'n derivatives are given by 



Where i ■ l* r 2 n«» . ^ * 

Then substitute y and its^ derivatives into the° left- 
hand side of the given equation and simplify: ' 



P(D)y = p(D) 



r_i_ 

Lp(°) 



Ke 



1 



4 + a. 



= a 




+ a i FuT' Kaeat + - a o Ke 



at 



at 



P(o) 



Ke - -p(a) 



. = Ke 0 ' 



Thus, if p(a) f 0 ( then the function 



y = iTaT Ke 



at 



does indeed satisfy the differential equation 



at 



p(D)y = Ke 

Before proceeding, use this theorem to fii(d particular 
✓solutions to the following differential equations. 



Exercise 1 . y n - y. = -6e 



2t 



Exercise 2- 3y M + 4y f - 2>r= 4e~* . - 

■ — : * '— , : , ul 1 

^Theorem 1 can be extended to handle equations for 
which. 'p(a) =0. , t 

TheQfCT Consider~the same differencial equation as in 
Theorem l , • * % 

p(D)y = Ke at . 

If p(a) = 0 and p 1 (a) / 0, then the function 

is a particular sol\jtit>n. More- generally^,, if m is an . 
integer such that m £ n, p (m) (xt) 0 and / *p (m " 1) (a) = 
P m " '(ay s ... p*-(«) = p( a ) = 0, then the function 

y = Kt m e at * , 

' P (m) (cx) . • ' . sfc 

is a particular, solution to the .given equation. 
Proof for the case pfo) = 0. p'(a) * n . " ' 

We ver-ify the proposed solution as" we did in Theorem 
^, by. substituting the function and its derivatives^ into 
the»original equation. We have 

* * i 

* V = a o F^ir Kte<,t ' ' ; .. • 

and I 

for i * 1 , 2, . . . , n. 

Upon substitution of these expressions into the 
formula for p(D)y, .the re^ultiVig terms can be rearranged 
into the two natural groups suggested by .the terms of each 
a^y. * The two groups* can be summed individually to yield 



p ' t ^ Q) Ke at (a 1 + 2a 2 a + 3a' 3 a 2 "+ ... + na^"". 1 ) 



and 



■PUT Ke at (p\(a)), 



"i^T Kteat (a o + a i° + a 2° 2 + ••• + V"' 



= FuT Kte at (p(a).). . 



Since p(a) = 0, the overall sum for p(D)y reduces to 

^Vr Keat <p'< a >> = ^ at / 

Therefore, the function . . * 

Kte fc 

satisfies the given equation, ( and hence is»a particular 
solution ? « 

Tne reason for the name "complex method" is that 
Theorems 1 and 2 remain valid when y.is replaced by a 
complex functio^? z of the form 

z(t) = u(t) + i v(t) - / 

and by a complex number of the form a + ib, and K*is 
allowed to represent a complex number. The derivative of 
the function z is defined by the natural relation k 

Z 1 (t) = U» (t) + 1 v»(t) . 



, Usj.ng tjiis definition and the Euler identify (see 4J 
Section 3) , we can show that complex exponential functions 
obey -the usual rule for real functions: 

f t e < a+ ib)t . (a+ib) e^ib)* t- . 

The proof is straightforward, involving only 1 
differentiation! of products of. real exponential and 
trigonometric factions, but we omit 'the details here. 

In Section 2^ we- consider the case in which all 
functions and constants are real. Applications of. Theorems 
1 and 2 in the c.omplex case* are given in Section 3. 7 



Exefrcise 3. Modify the proof given for the case. p(a) = 0 .and p'(a)' = 
0 ,to obtain a pro°of fort the case p'(a) = p(a) = 0, p"(a) /> 0. 
Compare your work wj.th the outline of the proof for, the general case, 
which is given in the Appendix. 1 . t 

2_l2 Illustrations f m 

Now consider some applications of Theorem 2. If Ke fc . 
is the nonhpmogeneous part, calculate p(.a), p'fcx*), 

). .. until the firstr nonzero number isAobtained. 
Then find the appropriate Solution, as illustrated in the 
following examples. > t \ 

Example L: - y"' - ,7y" + iUy 1 - i2y = 5e 3t . 



* • J 0 



. . The characteristic polynomial p(x) is given by: 
• ** * ■* fc 

' J I . PU) = X 3 "-7\ 2> + 16x -12 = (>-2) 2 (X-3) , 

with s r 

A*. v * p'(X) = 3X^ - 14 X- + 16 



and 



p"(<X) = 6X -.14. 



Since/ 5e Jt = Ke at , we have K = 5. and a = 
Now p(3) = 0 and p'U) = 3 (9* - 14(3) +16 / 8, so 
Theorem 2 the function * ' r 



y = —1— 5te 3t = sm 3t 



tp'(3) 

i.s»a particular splution, ^ . ^ 

% Example 2 : y n1 - 7y" + 16y' - 1 2y = 5e 2t . 
Using the same auxiliary polynomial? we. find that- ' 

4 ♦ , 

?{2) '=0, £>'(2) =0, and p",(2) =12-14^-2/0.' 
. Tnus,«>tfhe function * 

> ' * • Y . p"(2) W 6 -2 5t 6 . ? 2 £ e • 

* - ..*'-■ 

is a particular solution, , * 

; ; : 

— r* — : — : 5 — 

Exercise 4 . Pi»nd a particular solution to each of the following 

differential equations : • •* 
% \ .a. y»> y = 6e^,\ * I \ ^ 

;b. /V 5y' + £y = 5e" 3t „ . \ - 

C : c. ".y"'.- 3y» + 6y =- 5e 3t , " % s "/ 

d. V'l - *y" = 2e C 

e. y n \ - y" =* 2. 

Exercise 5 .* Construct^a linear 'differential equation wit)i constant 
coefficients such that» 

: t h 2i . . " • • * . 

is a (particular Solution. "(HiiSt;: use proj^-ties of characteristic 
polynomials.) ** % v . 



' •3^ H(3W TQ HANDLE NONHOMOGENEOUS PARTS INVOLVING ' * 

K cos B-t. K sin Bt 

U Euler's Identity , - r 

" - /* 

The complex method can be applied to find a particula 

.solubion when the nonhomogeneous part of tfc* given • 
. differential 'equation is either Y cab St or K.cin Bt. By 
Euler's identity, ' . . « . 



- cos 0- + i sin ..' 



we have 



: Ke = K cos*St* + i (K';sm Bt) . * 

0 > x 

Since-K cos Bt is the- real part and K sin 6t the imaginary 

part of Ke* 18 *", this exponential form can be used as a firs 
step to Qbtain a complex function (one of the form u^(t) + 

1 v 1 (t>)). Then the real v part t^lt) of ^his function is a 
particular solution to' the original differential equation 
if K cos 3t is the nonhomogeneous part of ,the given 

•equation, antf the imaginary part v^t) is a particular 
solution if K sin 8t is the given, nonhomogeneous .part % 

1*2 illustrations and Further Explanation \ w 

The following examples demonstrate this use of Euler' 
identity, ' 

* * Example 3 j y" +*y =-3 cos 2t. 

Her^ K = 3 "and 8 = 2,' so we form the" cor responding complex 
differential equation* 

• •> + fr 3e i2t V ' ' " " - 

^and solve it -by ^apptying Theorem 1. [UsSft^^fc+fel notation of 
Theorem 1, we' have .K = 3, a**= ' ±2 , and v p(X0 = +' l , Thus 

* p(-ct) = p(i2) = (i2) 2 - + 1. « -4 + 1 = -3. 

So by Theorem 1 , ^ * / 

2 = + -3e i ' 2t , . . 

4 % ' 

is a solution to the. complex equation w»e formed. Rev^ritb 
this sojution using Euler's identity: 
i2t 

-e = -cos 2t - i sin 2t^ - , . 

Since the nonhomogeneous part of the given differential 

equation is 3 cos 2t, the real. part of the' expression for 

i2 1 " 
-e .is taken ars the solution of the given equation: 





y =-cos 2t. 

(On % the* other hand, had 'the nonhomogeneous part been 
3 sin,2t, the solution would have been y = -sin 2t.) 

To see why this use of Euler 1 s~identity is valid, note 
that we are starting with, a differential equation of the 
form 



P(D,)y = 



where u(t) = K cos 6t and v(t) = K sin St. We ^then form 
the associated complex differential equation 

p(D) 2 = u(t) + i v(t) . 

This equation may be solved using the complex method of 
Section 2 because * 

u(t) + i v(t) = K cos St + i K sin Bt = Ke l6t 
** 

and because Theorems 1 and 2 remain valid when a represents 
any complex' number. So<if is a* complex function that is 
ab solution of the associated comple'x equation, then 

p(D)z 1 = u(t) + i v(t)~. 

If 2 1 = u i( fc ) + * ^(t), then the linearity .allows us to 
write " ^> 

P(D)2 a p(D)u^ + i p(D)v 1 . 

By first equating these two % expressions for pfD^ and then 
equating the real and imaginary parjis of the resulting 
equation, we obtain . . 

p(D)u 1 = u(t) , 

and 

P(D) Vl > v(t) ^ • . 

Thus, the final step is, to take as our solution either the 
real or the imaginary part of the solution function irT z, 
whichever is .appropriate. 

The ufee of Theorem 2 is illustrated in the following 
example. ' X/A t 

Example 4; y" * y. = 3 cos *t. ' 1 
~ s ► 

This equajti^on is simi^a* s ,£o the equation in^Xample 3, and 
the first step is ttf'^orm the corresponding *£bmpl ex 
equation ' - 



' * z".-+ z = 3e lfc . 
In the notation of Theorems 1 and 2 we have a = i. Since 
p(i)" = i 2 + 1 = -1 + l = a, 

*** . ■ 

we must use Theorem 2, with p'(X) = 2*. Then 

. e p'(i) = 2i, 
and ' , fc * 



2 r 2i 2 lte 



"2 it cos -t + sin t. 



Thus, the solution in y is the real part of 2, namely, 

3 

y = j t sin t. 

In the next example we show how to handle equations 
for which p(a) is strictly complex, i.e.,. of the form a + 
bi, wher*e a ^ 0 and-b £ 0. 



Example 5 : y" ' - y" = sin t. 

K = 1, 6 = 1, pO 
differential equation 



3 2 

Here K = l,S = l,p(X) = X - X, and we form the complex 



2"« - 2" = e lfc . 



Then a = i , and 



p(a) = p(i) = i 3 - i 2 = -i + 1 , 



s6 



2 l-i e ; 

To use Euler' s identity we must first rationali2e the 
denominator as follows: * ' 

, „ il±il JL_ „it 
2 (1+i) l-i. e 

_ l±i e it 

1+1 • . 

2-2 * • . 

^ • * 

= cos t + d sin t)' + f£ cos t + ""| i sin t) 



1 < 10 



1 • 1 1 1 * 

- \- a (t- cos t'- t sin t) (t CQ-S^ 

The imaginary *part of z yields a particular solution to the 
"given equation: 

y = t cos t -+ ^ sin t . 



Exercise 6 . Convert each of the following expressions to tITe form 
u(t) + i v(-t). 

■ 

3 + 4i . . 

t * 2it ' * • 

4i • . 

Exercise 7. Find a particular solution to each of the following 
differential equations. 



a. y M - 2y* + y = 5 sin 2t 
,b. y M - 2y* + y = 3 cos 2t 
c. y M + 4y = cos 2t« 



3.3^ Further Bxtension 

If the nonhomogeneous part of the given equation is of 
th^ form Ke at cos Bt or Ke sin 8t f we also can find a 
particular solution using the complex method. Note that 

Ke at cos Bt + iKe at sin Bt = j<e at e l6t = Ke (a+i&)t . . 

at ' K - * • 

Thus, Ke cos Bt is the teal part and Ke a sin Bt the 

imaginary part of the complex function Ke^ ot+ ^ i ^ t . The 

following example illustrates the way we can use this 

observation by building* on our previous technique. 

Example 6 i y" - y £ e 2t cos t. 

Here p(X) = X 2 - 1 , 0 = 2, 6 = 1, and K = 1 . We first term 
•the complex equation 



z = e (2+i > fc 



We^ have 



p(2+i) = (2+i) 2 - 1 = (4+4i-l) - 1 = 2 + 4i 



from which we obtain tl?e complex solution 



ERJC 15 ' •" 



Now express z in terms of its real and imaginary parts by 
first rationalizing the demoninator and then applying 
Filler's identity: . # 

4 . ll_ .*2-4i J2+ut 
" 2+4 i '2-4i e 

20 

e 2t ; , 

= j-q d-2i)(6os t + i sin t) • 
■~2t 



10 



(cos t +*i sin t - 2i cos t + 2 sin t) 



1 ?t 1 9t 

= e~ sin t + ^ e z cos t) 



T x t JL .2t _ t . Jt 
Since the real part is desired, we have 



+ i e zt cos t + o zz sin tj.. 



y = ^ e 2t sin t + ^ e 2t cos t. 



Exercise 8. Find a particular solution to, each of the following 
differential equations : 

a 

b. y ,M + 2y» - 4y = e~ l cos t 
^c. y ttJ + 2y* = e _t sin t. 



Exercise 9. Consider the^equation 
(n) f ' <n-l) 

v - + B »-i* - r~ ' V 

where K is a constant. Use Theorems 1 and 2 to show that for some 
integer m such that 0 <. m <. n we have 

, a 0 = 8 j = „<. = a m .j = 0 and a m A Oi 



and the function 



y mta 

m 



is a particular solution of the "given equation. 



\ 

° 1 > 

iO 
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L* AFFINAL EXTENSION OF THE COMPLEX METHOD ^ 



The NonHoTnogeneous l»art» as a Line^r^omklriatlon — 

Our final extension of the complex method obtains when 
the nonhomogeneous part %s of the form ~ * 

*<t) = -L K-f (t), . ' , 

where K. is a constant^ and f .(£) is a function to which 
the method already applies. Examples include 

e fc + 2 cos 't> - e 2t sin 3t , . 

2 + e 2t - 3' sin»4t~+_cos 2t . 

* This extension is a direct consequence of the 
.following general result, which is oftep called the 
"superposition principle". 

Theorem 3 : If y^^ is a solution to the differential 
equation ' -* 

Pivyy = f (t) , 

y 2 is a solution to the equation 
• p(D)y =-g(t)/ 

and a anci*b are ponsta^nts,* th£n the function ay^ + by 2 is a 
Solution to the equation ( . ^ 

p(D)y = af'(t) Abg(t) . - 
Proof: By linearity of differentiation, 

p(D) (ay 1 + by 2 ) = ap(D)y 1 + b'p(D)y 2 
But*by Hypothesis, 

p(D)y 1 = f(t) and p(D)y 2 = g(t) . 

Hence f) 

p(D)Ca yi + by 2 <T = af(t) + bg(t) , 

which means that ay + by 2 satisfies the required equation. 

t " 
Example >7 : y" ' - y" = 3e + sin t 



\ 



Note that 



p(X) = X 3 ^- X 2 , p»(X) = 3X 2 - 2\ 



a) First find a particular solution to the equation 

. t 



\ 
s 

With 



we have 



fe " 3 , o ■ li p ll4- 



y^) 1 " " 0 , r ' (1) " 3 ~ V" 7 " 1 " 



y l " 1 tet = 3te / v 

b) Next, f ind a particular solution to the equation 

y" ' y» = Sin t . 

This equation was .solved in Example 4, and we have 

1 * Y * 

y 2 = 2 cos t + ~ sin t . 

c) Then superpose the solutions from a) and b) : 

Y = + Y 2 + 3te fc + cos t + ^ sin t . 
Example 8 : y" ' - *6y M + 11 y' - 6-y. = -7e 2t + 2e 3t sin £. 



We have 



and y 



(X) = X 3 - 6X 2 +, 11X - 6 



p' (X) = 3X 2 - 12X + il 



a) * Consider 

y »t _ 6y " _ lly . - 6y = -7e 2t . 
Since 1 t < 

- K 1 = -7 ; a = 2, p(2) = 0, and p'(2) = -1 , 



we have 



*1 =^te 2t "=7te 2t . 

b) Next, let 

z ,M - 62" +-llz' - 6z = 2e (3+i)t . 

Since 

V K 2 = 2, a = 3 + a, and p(3 + i) = i - 3 , 



we have 



- - _2- e (3+i)t _ 2 ii±3i p (3+i)t 
? " i-3 e - (i+3) e 



1 O 
^ > 
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(-^ i. - |) (e 3t cos tr + .i e 3t sin t) 

~(~-| e 3fc "cos t + |~e Jt ~sin~t)" 

+ i (-^ e 3t cos t - | e 3t sin t) . 



Thus, 



• L3t 3 3t . ♦ 

^2 = 5 G ? 0S t " 5 e Sin fc " 

c) By superposition, , 

% = Y 1 + y 2 = 7te? t - ]r e 3t cos t - * e 3t sin t. 

- - ■* at 

Exercise 10 . Find a particular solution to each of tfie following 
. differential* equations . 

a. y n - 5y' + 6y = 5e" 3t + 5e 3t , . 



b. y" - 2y f + y = 5 sin 2t - 3e\ 

y ? - 

y^) + 8yfi + 16 = -sin t + cos 2t + e fc : 



c. y Mf - V 1 + 27y* - 27y = 4e 3t + e 4t cos(-t) 



5. UNIT EXAM 

Find"a particular solution to, each of the following 
differential equations:. 

r. * y" + 16y = sin 4t 1 | 

♦ y" - 4y f + 5y = 3 sin t 

3. y" - 3y' +*4y - cos 2t + 3e~ 4t 

4. y" f - y". = 3 

5. y" + 2y f - 3y = 2e"^ fc sin 4t 

>\6. y" f * y" - 8y' - 12y * 3e~ 2t - 5 cos 3t 

L> ANSWERS TO EXERCISES 



1. p(X) = X 2 1» K r -6. 2. 



Thus» 



p(Ct) r p(2) = 2 2 - 1 = 3 t 



and so 



v V Qt £ 2t 

y p(a) 3 26 ' 

K = 4 , a = -1 » p(-l). = ,-3; 



y 



-3 



4.a. K = 6 » a = -1 » p(-l) = 0, p f (-l) = -2; 



-2 



-3te 



b. .K = 5 » a =''-3 , p(X) ='x 2 - 5X + 6, 

* Sp" 3C \ -If 
so p(a) = p<:3) = 30 and y = = *■ e J \ 



c. p(3) = 0, and p f (3) = 1 , 

' * ' Vte 3t 3* 

so y = = }te . 



d.« y = 2te C 



e. 



-2 



5. We compare the given expression with »the general form 

p"(a) 

• 2 
By Theorem 2, with a = 3 and m c 2 , we see that p(A) = (X-3) is 

a reasonable choice for the characteristic polynomial. Then* 

p n (X) = 2, and so K = 1/4. Thus, the given function is a 

solution of the equation y ff - 6y* + 9y = 1/4 e 3t . h m * 

-3 ^ 4 A i. 

6. a. cos 2t - £ sin 2t) + i (* cos>>2t - 5 sin 2t) 

b " f t sin 2t + i (-f t cos 2t). 
/ 4 .4 • 

7. a. Solve z M - 2z* + z = 5e 2lt to obtain 

, 2it 

—f*— -~- ^-^ r 



* - o./ ■ *and heffc~# 
** * 3 +4 1 

b. y = cos 2t ■* ^ sin 2t 

c. y = £ t sin 2t. , 
8.a. pQ) = A 2 - 1 . _ . 

20 



* 16 



Solve z? - z = e * : 
K = I » <* = 1 J^i. ^and 
\p(l+2i) '^'(l+2i) 2 - 1 » 
= 4i - 3 - 1 • 
= 4i - 4'. 
Thus, ' 
U+2i)t ' (l+2i)t 



" 4i-4 l " 4(i-l) (i+1) . 
-8 

= -o e C cos 2t +,o e C sin- 2t 



+ i (-£ e C cos 2t - J e C sin 2t\/ 



We have 



"8 

y = g e sin t - g e C cos t \ ^ * 

p -f e • cos t. ^ » 

4 , * 

Note'that K = Ke 0t , so let a = 0 in Theorem 2. An application of 
Theory 2 then yields the solution V 

„J Ot v m . 1 

_ Kt e — ^ — 

- ~ P (n °(o) " P ( ' n) (o) * ! » 

*** 

if p (m) (0) * <T, and p (m " l) (0) = 0 »■..'. = p'(0) = p(0). 

Since q(0) is the constant term for any polynomial q(t)» the , 

condition on the valued at 0 forces a^_^ =0 = . . = a^ = a Q . 

Thus, p(x) = a X n + a . A n ~ l + + a X m , and hence the 

■ n (k) n ~ l * 
constant term of p . (A) is 0, for 0 < k < m, and the constant 

term of p (n) (x) = mj(m-l)(m-2) ... (2)(l)a n = o! a n - Therefore; 

■■ ----- m!a " ' " . \ 

• * *t 

1 -3t . 3t • V* 

•v y s 7 e + 5te t <• 



; "i -it j " 3t 

y x = £ e T and y 2 = 5te 

y = £ cos 2t - | sin 2t t 2 e C . ■' 
5 5 2 9 

' 1 3 3t 1 4t , x* 1 4t , . 
y = r t e -ye cos(-t) - ye, sin(-t). 
3 4 *4 

y = | sin t - ^ t 2 cos 2t + ^ e C . 

7. ANSWERS TO UNIT EXAM 



t cos 4t 

o 






3 1 
8 c ° s C - + _8 






% sin, t . 




sin 2t> - 

0 






■i < 2 - ' 






JL. -3t 

16 e cos 




e sin' 4t . 


10U C ° S 3t 


. 1014 


sin 3t - t 
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APPENDIX 



\ 

Outline of the* proof of Theorem 2 for the general case ** f 
.p (m) (a) t 0; p^ 1} (a) = ... = p'(a) = p(a) = 0, I < m < n . 1 
We wish to verify that 

\ % 

y-A KtV 1 , . . . • 

P (m) (a) ) ■ 

is, a particular solution of* the given equation. ^ In a manner similar 
to the t/ay in which we proved Theorem 2, wetbegin by finding the 
first n derivatives of y for subsequent substitution into the 
original dif Serential equation. In these expressions, 

denotes the binomial coefficient * 
m l! , i 



k!(m-k)J # 



a 0* 



P (n) «0 0 



+ 1 „„m at. 2* 
-p (B, '(a) 2 



p (m) (a) 2 - n 



(m), . ""1 
p (a) 



iftt* 1 **'** a"" 1 Kt m e at (a a n ) 



p*"/(o) 



Substituting these derivatives into the^original equation and 
rearranging into natural groups, we otftain 



* K(")t m - 2 e at (p»(a)) 

p W (a) 2 

+ -d7T K( r )tm:leat <p ,(a » " ; 



P (a) 



Since the first tern' is Ke° -and the rest are all oT the proposed 
solution is verified. * . 
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STUDENT FORM 1 
Request for 'Help 



A 



Return to: 

EDC/UMAP 

55 Chapel St. 

Newton, MA 02160 



Student: If you have trouble with a specific part of this unit, please fill 
out this form and take it to your instructor for assistance. The information 
you give will 'help the author to revise the unit.< < T v 



Your Name 



Page 


r 






0 Upper 
OHiddle 




• Section t 




OR 


Paragraph. 


OR • 


0 tower . 

z 1 




• \ 





Unit No, 



Description of Difficulty: - (Please be specific) 



Model Exam , 
Problem Nori_ 

Text 
Problem No. 



Instructor : Please indicate your resolution of the difficulty in this^ box. 
Corrected errots in materials. List corrections frere: 



o 



Gave sjtudent better explanation,, example, or procedure' than in unit. 
Give brief outline 'of your addition here: ' . 



o. 



Assisted student in acquiring general learning and .problem-solving 
Skills '(itot using examples from this unit.). 



Instructor's Signature *_ 

-5 

Please use reverse if necessary. 



• «i» Return to : 

STUDENT FORM 2 «- - % EPC/UMAP, 

*Jnit Questionnaire J 5 ? ap ^ A S ^:, ' 

x Newton, MA 02160 



Name_ r* a Unit No._ Date_ 

•Institution * Course No. 



Check the choice for each questidn that comes closest to your personal opinion. * 

1. How useful was the amount of detail in the unit ? 1 

Not encmgh detfil to- understand the unit 

Unit would haye been clearer with more detail 



£ ' Appropriate amount of detail, ^ 

Unit was occasionally too detailed, but this* was not distracting 

Too much detail; I was often distracted ' . 



2 . How helpful were" the, problem answers ? „ i - 

Sample solutions were too brief; I could not do the intermediate steps'^ 

^Sufficient information was given to solve the problems • 

Sample solutions were too detailed; I^didn't need them 



3. Except for fulfilling the prerequisites how much did you use other sources (for 
example, instructor, friends,- or other books) in order to understand the' unit? 

A Lot Somewhat A Little Not at all 



4. How long was this unit in .comparison to the attount of time you generally spend* on 
a lesson (lecture and homework assignment) in a typical mpth or science course? 

Much Somewhat About Somewhat Much 
Longer Longer - the Same Shorter Shorter ' 



5. Were any of the following' parts of the unit confusing or distracting ? (Check 
as many as apply'.) • * * 

Prerequisites 

Statement of skills and concepts (objectives) , 



^Paragraph headings* • 
Examples 

^Special Assistance Supplement (if present) 
Other, please explai n 



\ 



6. Were any of the following parts of the unit particularly "helpful?' (Chec^ as /many 
* 4 as apply.). ( tf . ( * 

" Prerequisites *- j 

. ' Statement of skills and Concepts (objectives) 



Examples 
^Problems 

Paragraph headings 



, < • * T able of Contents 

. • Special Assistance. Supplement (if present ) 

Other, please explain . . 



Please* describe Anything in '.the uait that you did opt particularly like. / 

r -* • % " / 

t . • * * 

Please describe any thing that you foun'd^particularly helpful, please use th^ back of 
this sheet if you need more space.) # - 



